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The Ap-calculus

Syntax of A

|t = x| At | (B)u] paut | (t)a]

A-variables: x ..., p-variables: o, 3. ..

m Type system for Au:

Var Nx:AkFt :B|A A
MNx:Akx :AA M2t Ao B|A )
r-t:A—BlA  Thu:AA
M= (t)u : B|A ¢
=t : LA a: A Tt :AlAa: A
1Abs HAPp

FFupalt - AA N=(t)a : LA,a: A



Var Tx:AFt :BJA

TEAMAL A= BIA
Tt A BIA  Thu:A

A
T+ (0w : BIA PR
Tt :AAa:A
Ab, A
B e Lb,acA FOPP

Tx:AFx :AA Mbs

THt :Ll|Aa: A
M- palt : AA

Example with Peirce's law:

F Ax.pa.(()Ay.pB.(y)a)a: (A— B) — A) — A

y: Aky DA o
y AE(y)a :Lla: A i
y:AFuB.(y)a : Bla: A 1

FAy.uB.(y)a :A— Bla: A 1222
x: (A= B) = AF (xX)Ay.pB.(y)o : Ala: A

x: (A= B) = AE ((X)Ay.puf.(y)a)a : Lja: A yizp

x: (A= B) = AF pa.((x)\y.pB.(y)a)a : A )\MAbss

Fcall/cc : ((A— B) = A) = A

X (AsB) o AFx (A= B) oA




——et-reduction

An example with the reduction —f:

O.Z —31 AXLUQ. Z
Iz iz



——et-reduction

An example with the reduction —f:

PO . Z —0 AXAAXp U . Z



——et-reduction

An example with the reduction —f:

B .z —3 Axg AxpAxg . z and so on...



——et-reduction

’,ua.z —he AXL ... Xp. oz Xl,...7x,,7éz,n€w‘

‘uoz.t — st Ax.uf.t{(u)xB/(u)a} ‘

Mo~ )\X1X2...
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Bohm trees for A-calculus

Let t € A, then t can be written:
AXp - (to) t1 where to variable or redex :

m If t has no hnf, B, =Q

mIft— Axg X ()t B
and B1,...,B, Bohm trees of ty,..., tx
%t:

AX1 .o X . X

B, By

m Bohm trees 9B for \-calculus :

[ B =2 \iev-(0)(Bliey | myew




Bohm trees for A-calculus

m Any term can be written:
Axg - (to) f1 where to variable or redex

m Bohm trees 9B for \-calculus :

[ B := 2] A0)ie-(0)(Bilies | vy €w

Bohm trees for A

m Any Apu-term can be written:
AXQUQQ - -+ phon Mni1-(to) E1B1 - .. Bmtme1, where to variable or
“pre-redex”

m Bohm trees for AuB € Au-B%:

’ B = Q| AXi)iev-(¥)(B))jey ‘ v,y € w?




An example

Let t = padx.uBAy.((x)y ((A)A)S) B.
Intuition: t ~ Ax ... Ax. Ax) . Ay.((x)y ((A)A)x..) x ...
—— —— —— ——
95 = A(z;);€w42+1.(zw)(‘3j)j€w with
m By = z,,
m B; =Q and
BB =2z, forl <j<w.

Zj IGw 241 - 2w

7NN

Zy-2 Zy41  Zwt2
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Infinite terms from Ap-terms

m Limits at root-positions: infinitary representations of po.(x)a:

)\X]_
)\Xl |
)\%2 )\Xz
| ¢
. 7N
- @ 28 @S
@© N /N
7/ \ X2 X1 Q,
X X1 X2

m To solve this issue we introduce a constructor for streams:

Terms  t u=x| Ax.t| (t)u | pa.t | (t)S
Streams S:=a | [t|S]

pat —ge Ax.pB.(t{[x | 5]/a})

m The resulting terms are not infinitary terms since they have subterms
at infinite depth: See Ketema et al.
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Ketema et al. transfinite terms

m Transfinite (Tr.) position p : length(p) — N,
m Tr. term ¢t : P — X U X, P set of positions

» peP —Vg<p, qeP,
> t(p) function symbol of arity n = (p-i € P iff 1 < < n),
> (p has limit ordinal length and Vg < p, g € P) = p€ P



Ketema et al. transfinite terms

m Transfinite (Tr.) position p : length(p) — N,
m Tr. term ¢t : P — X U X, P set of positions
» peP —Vg<p, qeP,
> t(p) function symbol of arity n = (p-i € P iff 1 <i < n),
> (p has limit ordinal length and Vg < p, g € P) = p € P
m Tr. Term Rewriting System (tTRS): pair (¥’, R), where X’ set of
symbols of finite arity, R set of tr. rewrite rules,

m Tr. rewrite steps: rewriting a tr. term s = C[o(/)] into t = Clo(r)]
if | - r € R, C[O] one-hole context and o substitution.



Intuition behind Ketema et al. transfinite terms

Two representations for the “transfinite” term (f(f(f(. .. x)))):

fi
d |
VAN £
A ¢ &
-0 |
2 @ £
. e

f3



Contrasting transfinite terms with infinitary Au-terms (1)

Transfinite terms that extend Ap-terms:
Example of pa.(Y) Af.f and pa.x:

AX AX1
AX Axo
)\.X AX3
0 X
B (YY) x.(f)x ~ (f)(f)...: subterm at limit ordinal not defined
@
Z N\
it (G
N
f Q
f



Contrasting transfinite terms with infinitary Au-terms (II)

m Weak convergence with —;
m Weak convergence with —3 U — 3, U —5? Consider
py-(poe.x) 7

pry-x g, — py-(paex) ¥ —fe Azpy.(Aypenx) [z | 4] —p Azpy.(poux) v
—— —— ——
A B A

» A and B alternate in the reduction sequence

> After —¢; reductions: Axixz ... .(Ayiyz... . t)xixa..., B-redex at
constant depth

» Consider —> s separately from — 3



Contrasting transfinite terms with infinitary Ap-terms (I11):
Push down/Pull up

In AuS

B (100X — st AXG UQ1.X —Hfst ... —fst
AXGXT XS O X st

Push down: Axg'xf...x5...x

B X2 .. . (Ayiyz ... . t)xixz ... could be pulled up to Axyxp ... . t.

In Ketema et al.

B In pag.x, x is pushed down but par stays: Ax@'x{ ... x5 . ...po.x

m We would want Axixz ... .(Ay1ya... .t)x1x2 ... to become
Ax1X%o ... .t after w steps: pull up t



Contrasting transfinite terms with infinitary Au-terms (1V)

m Study —> separately from S-reduction
m Find a more “trivial” topology than Ketema et al.

» Consider infinitary terms: AxaAxz... .t
> Balls that do not only include prefixes of a term (non-Haussdorff)

m Conjecture on the limits via — ¢

» Example: t = pa Ay pfB.(y)a should converge to:
AEAG LAY AXEAXG ()X | K]



Perspectives

m Strong convergence for —
m Interaction between — 3 and — ¢

m What we expect:

» Understand properties: separability
» Extend to more general calculi: stream hierarchy
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