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1 Introduction

The lambda-calculus was invented by Alonzo Church in the thirties, as a way to
describe computable functions, alongside the recursive functions and the Turing
machines. It eventually turned out that the three models are equivalent, and
the Church-Turing thesis stipulates that they capture the intuitive notion of
computable function. Although the model of Turing machines is a natural way
to describe the computational processes, their real interest lies in the abstraction
of the machine model, allowing to describe a universal notion of complexity and
computability. Likewise, the interest of the A-calculus lies in the abstraction of
the essential features of functional programming, on which it allows to reason
and prove properties. This core of programming features can be extended to
match closely real-world programming languages, such as PCF (Programming
with Computable Functions) [Plot], and recent work tend to close the gap with
mainstream languages [Guhal [Rey]. It is difficult to prove safety properties on
these languages, making debugging hard, and therefore programs less reliable;
an issue of increasing importance considering the growing number of human
lives depending on computers. Giving proper semantics to general purpose
programming languages will thus allow to build safer programs, and publish
research papers.

In the A-calculus, we study the interaction of functional abstraction and function
application from an abstract, purely mathematical point of view: a term of -
calculus can be a variable, an abstraction, or an application. An abstraction
formalizes a function, while an application provides a term with an effective
argument. A computation consists of rewriting a A-term by the [S-reduction
rule, which applies the function to its arguments; one step is an atomic operation
which substitutes globally all occurrences of a bound variable for a term. A A-
term can encode a partial function, and therefore the sequence of rewriting may
converge to a result, or diverge. BOhm trees, infinite trees that describe the
interaction of a A-term with the external environment, were introduced in order
to study the convergence of A-terms. An important step towards the formal



verification of programs is to be able to quantify the resource consumption of
programs; however the S-reduction does not give information that quantifies
resource consumption.

The \-calculus with resources was introduced to decompose the evaluation of
A-terms, thus helping describe their resource consumption. In the resource M-
calculus, the application takes as function a resource A-term and as argument
a multiset of resource A\-terms. If the term is an abstraction, and the bound
variable occurrences are in bijection with the multiset, then it can be reduced:
the reduction nondeterministically assigns each element of a multiset to an oc-
currence of the variable, and results in a multiset of resource A-terms consisting
of all possible assignments. This reduction is linear since each argument is used
once and only once.

The Taylor expansion of a function, a concept introduced by Brook Taylor in
1715, is a representation of a function as a possibly infinite sum of terms that are
calculated from the values of the function’s derivatives at a single point. Using
a finite number of terms of a Taylor expansion, it is possible to approximate
a function and estimate quantitatively the error in this approximation. This
concept was extended in [EhrReg3| to the A-calculus: to any A-term we asso-
ciate a set of A-terms with resources, and this Taylor expansion describes the
quantitative behaviour of the resource consumption of a program. The Taylor
expansion is a quantitative refinement of Bohm trees.

There are uncountably many sets of A-terms with resources whereas there are
only countably many A-terms; following this observation, we would like to char-
acterize the sets of A-terms with resources which are the Taylor expansion of
some A\-term. The characterization of sets of A-terms with resources approximat-
ing A-terms is a step towards a semantic notion of resource consumption, and the
ambitious goal to give a semantics for higher order non-deterministic calculus.
This study stems on the recent advances on resource calculus [PagTas| [PagMan)].

First, we recall the basic notions of the A-calculus, as well as some fundamental
theorems. In section 2, we redefine Bohm trees as infinite sets of finite approxi-
mations to have a structure closer to infinite sets of resource terms, and obtain
a characterization theorem for this notion of B6hm tree. In section 3, we work
on resource terms and Taylor expansion of A-terms. Following a crucial theo-
rem that links the notions of Bohm trees and Taylor expansion, we introduce
the notion of coherence to characterize some necessary conditions for a set of
resource terms to come from the Taylor expansion of a A-term.



2 Introduction to the A-calculus

In this section, we recall the basic notions of the A-calculus, as can be found in
[ELtl, [Sel].

2.1 Syntax

The expressions of the A-calculus are called A-terms. Let V be an infinite (count-
able) set of variables, denoted by z, y, 2 ...

Definition 2.1. The set of A-terms, denoted by A, is given by the following
grammar in Backus-Naur Form:

A: M, N :=z|(M)N | Xe.M

Terms of the form x are called wariables, (M)N applications, and Ax.M -
abstractions (short abstractions).

An equivalent definition would be the following. Let A =V U {(,),\,.} be an
alphabet, and A* the set of finite sequences over A. Then the set A C A*, is
the smallest subset of A* such that x € A for all z € V, if M, N € A then
(M)N € A, and if z € V, and M € A then \x.M € A. As the Backus-Naur
Form is more convenient, we will always introduce syntactic definitions in this
form.

Example 2.2. Here are some examples of \-terms:
Ar.x, Ax.(x)z, (Az.(x)z)\y.(y)y.

Remark 2.3. For the sake of readability, we apply the following conventions:

e Applications associate to the left: we write (M)N P instead of ((M)N)P.
We extend this to n € N applications: we can write (M7)M; ... M, instead
of (...(M1)Ms)...)M,.

e We can add some parenthesis to underline the structure of a A\-term. For
example, we can write (\z.(z)z)(Az.(z)z) instead of (\x.(z)z)A\x.(x)z.

o We write Az ...xz,.M instead of \z; ... \z,,. M.

e For a term M, we write (M)?N instead of (M)(M)N. More generally, we
write (M)™N instead of (M)...(M)N.
| —

n times

Example 2.4. We write \f z.(f)?z instead of Af.\z.(f)(f)z.

2.2 Free and bound variables, a-equivalence

The terms I = Az.x and A\y.y, both represent the identity application ¢ : x — =z,
thus are intuitively equivalent. We therefore formalize this notion of equivalence.



Definition 2.5. An occurrence of the variable x € V inside a term of the form
Ax.M is bound.
In this case, we say that Az is the binder, and that M is the scope of the binder.

Definition 2.6. If a variable occurrence is not bound, it is free. For every
M € A, FV(M) is the set of free variables of M, defined by structural induction:

o FV(z)={z},
e FV((M)N) = FV(M)UFV(N),
o FV(\z.M) = FV(M)\{z}.

Example 2.7. In the term M = (Az.((z)\y.(y)x))z, the occurrence of y is
bound, the two first occurrences of x are bound, but the third occurrence of =
is free. The set of free variables of M is {z}.

Definition 2.8. A term M is closed if FV (M) = () and A is the set of closed
A-terms.

In order to formalize the notion of equivalence, we have to define what it means
to simply rename a variable in a A-term. Let M, N be two A-terms. If M and
N are identical, we write M = N.

Definition 2.9. Let y be a variable and M be a A-term. We say that y belongs

to M whenever it appears in M.

Definition 2.10. Let x,y be two variables and M be a A-term. By induction
on M, we define the renaming of x as y in M:

T <Lyl >=y,

2yl >=zifx # 2,
(M)N <y/z>= (M <y/z>)N <y/z>,

M. M) < y/z>=\y.(M < y/z>>),

e M) < y/z >= (M < y/z>), if x # 2.
Example 2.11. We have (\y.x) < y/x >= Ay.x < y/x >= Ay.y.

We remark that this kind of renaming replaces all occurrences of by y, whether
x is free or bound. We can now formally characterize what it means for two
terms M, N to be the same, modulo the renaming of bound variables.

Definition 2.12. Let R be a relation between A-terms. We recall that R is an
equivalence relation if it satisfies these three rules:

MRN . MRN NRP
MR M N R M PtV R P

We say that R is A-compatible if it satisfies these two rules:

Reflexivity: Symmetry:



MRM NRN' MRM
(M)N R (M')N' Az.M R Az M’

Finally, R is a congruence if it is an equivalence and if it satisfies A-compatibility.

Definition 2.13. The a-equivalence is the smallest congruence relation =, on
A-terms, satisfying the following rule:

y¢gM
Az M =4 Ay (M < y/x>>)

Remark 2.14. We will always use Barendregt’s variable convention, which
assumes without loss of generality that bound variables have been renamed to
be distinct.

Example 2.15. We have (Az.(2)2)\y.(y)y =a (Az.(2)z) \2.(2).

2.3 Substitution

After having defined a renaming operation, we turn to a less trivial operation,
called substitution. Considering a variable y and two terms M, N, we would
like the substitution M{N/x} to satisfy two conditions:

e Only the free occurrences of x should be replaced, as the names of bound
variables should not effect the result of a substitution. For instance, we
would like the result of ((z)A\z.(z)y){y/z} to be (y)Az.(x)y, not (y)Ay.(y)y.

e We need to avoid capturing free variables. For example, if M = \z.(y)z,
and N = \z.(x)z, we want the free occurrence of z in N to remain free in
M{N/y}. In order not to capture a free variable, we rename the bound
variable before the substitution:

M{N/y} =4 A\ .(y)2"){N/y} = A2’ .(N)2' = \x'.(Az.(2)2)2’

Remark 2.16. In the substitution operation, we often have to rename a bound
variable x by the name of a variable which has not been used yet. That is why
we need the set V of variables to be infinite. We say that we use a fresh variable
to rename .

Now we formally define the notion of substitution:

Definition 2.17. The substitution of IV for free occurrences of x in M, denoted
by M{N/x}, is defined as follows:

e z{N/z} =N,
e y{N/z}=yifax#y,
o (M)P){N/z} = (M{N/x})P{N/z},



A M){N/z} = \x.M,

o Oy M){N/z} = \y.(M{N/a}) it # £y and y & FV(N),

. EAy M){N/xz} = X' .(M <y'/y > {N/x}) if 2 #y, y € FV(N), and ¢/
esh.

Example 2.18. (\y.z){y/z} =\ .2 <y /y > {y/z} =\ .y.

The substitution is well-defined modulo a-equivalence. From now on, we identify
A-terms modulo a-equivalence, and use indifferently = or =.

2.4 [-reduction, S-normal form

We evaluate A-terms by applying functions to arguments; this process is called
B-reduction. A redex (or S-redex) is a term of the form (Ax.M)N. The -
reduction, is a process that reduces a redex (Ax.M)N to M{N/x}. Each step
of B-reduction is denoted by —3. A term without any redexes is in S-normal
form (short normal form).

Definition 2.19. Formally, a single-step S-reduction, denoted by —3, is the
smallest relation on A-terms which satisfies the rules:
M —B M’
(Ae.M)N — 3 M{N/z} (M)N —3 (M")N

N —3 N’ M —)5 M’
(M)N — 5 (M)N'  Ae.M —5 o.M’

Example 2.20. We have M = ((Az.(z)x) \y.v)y —35 (Ay.y)Ay.y)y —3
(Ay.y)y —p y. The last term, y, has no redexes and thus is in normal form.

Example 2.21. The term Q = (Az.(z)z)\x.(z)z reduces to itself, thus  does
not reduce to a normal form.

Example 2.22. The term Y = Af.(Azx.(f)(x)x)A\x.(f)(z)x is such that Y —4
MDA (F)(@)z) Az (f)(@)e —p M) Qe (f)(@)a) e (f)(@)z..., thus

Y does not reduce to a normal form.

Example 2.23. Let Y’ = (Az.2)Y. Then Y’ can have infinite reductions like,
for any n € N, (Ax.2)(Af-(f)(F)"Ax.(f)(x)z)Az.(f)(x)z), if at each step we
reduce the redex (Az.(f)(z)x)Az.(f)(z)x. But Y’ can also have a reduction that
erases all redexes, by considering the redex (Az.z)Y, giving the normal form z.
We see in this example that different reductions can start from a single term,
depending on which redex to reduce. Furthermore, the confluence theorem (in
[Ehr] Theorem 1.2.10, will prove that eventually that if there exists
a normal form, then it is unique, and furthermore all sequences of reductions
can always be completed to reach the normal form.



Definition 2.24. The relation —g is the reflexzive transitive closure of —g,
therefore M —5 M’ if M reduces to M’ in 0 or more steps. The reflexive
transitive symmetric closure of — 3, called -equivalence, is written =g.

Example 2.25. We have (A\yz.(y)x)\z.2 — g Az.(Az.2)x — 5 Az.x, we write
(Ayz.(y)x)Az.2 =g Az.z, and Ax.z =g (A\yz.(y))Az.2.

Remark 2.26. The relation =g is a congruence.

We now introduce some usual terminology of rewriting theory.

Definition 2.27. Let R be a binary relation on a set T' of terms. We call R*
the reflexive transitive closure of R.

e t € T is R-normal if there is no t' € T such that t Rt'.

o t € T is R-weakly normalizable if there exists a sequence t; = t,to,...,t,
such that Vi € {1,...,n}, t; Rt;11 and ¢, is R-normal. We say that ¢, is
a normal form of t.

t € T'is strongly normalizable if there is no sequence (;);en {0} such that
ty =tand Vi € N\{O}, t; Rti—i—l-

(T, R) enjoys weak (rvesp. strong) normalization if any element of T is
R-weakly (resp.strongly) normalizable.

(T, R) enjoys strong confluence if, for every t,t1,to € T, if t Rt; fori = 1,2,
there exists ¢’ € T such that t; Rt' for i = 1,2.

(T, R) enjoys local confluence if, for every t,t1,to € T, if t Rt; for i = 1,2,
there exists ¢ € T such that ¢; R*t' for i = 1, 2.

e (T, R) enjoys confluence if (T, R*) enjoys strong confluence.

Remark 2.28. Strong normalization implies weak normalization, as well as
strong confluence implies local confluence, but in each case, the converse is false

(see examples 2:31).

Example 2.29. In (A, ), the term (\z.2)Y is weakly normalizable to z, but
not strongly normalizable, as we have the infinite sequence:

(ti)nemfoy = ((Az.2)(Af.(f)" (Az.(f)(x)z) Az.(f)(2)2))nem {0}

such that ¢; = ¢ and Vi € N\{0}, t; Rt;+1, as seen in [2.23]

Example 2.30. In (A, ), for any n € N, the term (Az.z)"Az.x is strongly
normalizable, therefore weakly normalizable.

Example 2.31. In (A, 8), Y is not weakly normalizable, therefore not strongly
normalizable.

As some A-terms are not weakly normalizable, (A, 8) does not enjoy weak nor-
malization. Therefore, (A, 3) does not enjoy strong normalization.



Lemma 2.32. If (T, R) enjoys confluence, and if ¢ € T has a normal form, then
t has a unique normal form.

Proof. Let T be a set of terms, and R C T2, such that (T, R) enjoys confluence.
Let ¢ € T. Suppose that there exists ¢', ¢’ € T, normal forms of ¢. Then ¢t —»g t’
and t —»g t”. By confluence, there exists "/ € T such that ' - t"”" and
t” —gr t"”". However, as t’,t" are R-normal, then t' = ¢’ =t and we have the
unicity of the normal form. O

Corollary 2.33. If the g-normal form of a A-term exists, it is unique.

We recall the Church-Rosser theorem from [Ehrz]:

Theorem 2.34. [Church-Rosser| The rewriting system (A, /) enjoys confluence.

The crucial Newman’s lemma follows:

Lemma 2.35. [Newman]| If the relation R is strongly normalizing and locally
confluent, then R is confluent.

Example 2.36. The rewriting system (A, 8) is locally confluent, whereas the
rewriting system ({a, b, c},{(a,b), (a,c)}) is not locally confluent.

2.5 Solvability, head normal form

In section [3]on Bohm trees, we will see that Bohm trees are designed to under-
stand to notion of solvability. The notions of solvability and head normal form
are important, as they define in the A-calculus the notion of convergence.

Definition 2.37. Let M € A°. M is solvable if there exists n € N, and
Ny,...,N, € A, such that (M) Ny...N, =3 Az.x.

The closure of a A-term M is a A-term N such that N = Axy...x,.M and N
is closed. We now consider an arbitrary A-term:

Definition 2.38. Let M € A. M is solvable if a closure A\zq ...x,.M of M is
solvable.

This is independent on the order of z1, ..., z,.

A term M € A is unsolvable if M is not solvable.
Example 2.39. The term K = Azy.z is solvable. We have (K)II =g I, where
I=)\z.x.

Example 2.40. The term €2 = (Az.(x)z)\z.(z)x is unsolvable. For any Ny, ...,
Ny, if (Q)Ny...N, -5 M, then M = (Q)N7...N},, with N; -5 N/, for i <n.



Remark 2.41. One can notice that a closed term M is solvable if and only if,
for any P € A, there exists Nq,..., N, € A such that (M)N;...N,, =g P.

We deduce a property on unsolvability (proven in [Bar|, section 8.3): if a A-term
M is unsolvable, then so are (M)N, M{N/z}, and Ax.M, for any variable z,
and N € A.

For any M € A, M is of one of the following two forms ([Bar| 8.3.8.):

o M =MXxy...xn.(x)M;... M, with n,m >0,

o M =MAxq...xn.(Ax.Mo)My ... M, withn>0,m > 1.
Definition 2.42. [Head Normal Form| Let M € A. Then M is in head normal
form (or is a head normal form or is hnf) ift M = Azqy...2,.(2)M; ... My,

where z is a variable, n,m > 0. We call x the head variable. If M =
Az1 .. (A2 P)Q)M; ... M, we call ((Az.P)Q) the head redex of M.

We write HNF the set of head normal forms.

Definition 2.43. The term M € A has a head normal form if there exists a
M'" € HNF such that M =g M'.

We now define the head reduction, denoted by fy:

Definition 2.44. Let M, M’ € A. Then M —g, M’ if M has a head redex
and M’ is obtained by reducing the head redex of M.

Remark 2.45. Normal forms for §j-reduction are head normal forms. The
head normal forms are the normal forms of head reduction.

Remark 2.46. The head reduction is deterministic, as at each step, there is at
most one redex to reduce.

Remark 2.47. If M —g M’, and if M’ is a hnf, then the head reduction on
M is finite, and stops on a hnf N’, which can be different from M’, because of
the arguments on the head variable, but M’ =5 N’. We call N’ the principal
head normal form.

Example 2.48. The term Az.(z)Y is in hnf but is not S-normalizable. ¥ =
M .(Az.(f)(x)x)Ax.(f)(z)x is head normalizable but not S-normalizable.  is
not head normalizable.

The following lemma explains how head reduction is so important. Head re-
duction is an effective procedure. More precisely, head reduction is an effective
convergent, procedure:

Lemma 2.49. Let M € A. Then M has a hnf if and only if the head reduction
path of M terminates.

We finally recall the following theorem (in [Bar], th. 8.3.14):
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Theorem 2.50. Let M € A. Then M is solvable if and only if M has a hnf.

This theorem is important, as it states the equivalence of two notions: solvability
and head-normalization. Solvability gives the right notion of convergence in -
calculus. However, solvability is defined by using an existential quantifier (see
2.37), and therefore gives no procedure to find, for a A-term M € AP, the
list of A-terms Ny,...,N, such that (M)N;...N, =g Az.z. The notion of
head reduction allows to overcome the difficulty: head-reduction is an effective
procedure, hence the theorem says that a term is solvable if and only if such a
procedure terminates.

3 Bohm Trees resulting from A\-terms

3.1 Recall on Bohm trees

Now that we have recalled the necessary notions of A-calculus for the next
sections, we introduce a few definitions related to Béhm trees and set up some
notations. We first introduce the notion of elementary Béhm trees (EBT’s).

Definition 3.1. EBT : b, ¢ :=Q | Axg...2p—1.(¥)bo . .. bi—1;

Following this definition, we make two observations:

Remark 3.2. By the second rule, applied to n = k = 0, variables are EBT’s.

Remark 3.3. It is usual to see (2 as a constant, not in A, representing divergence
for S-reduction. However, when we want to have EBT C A, without loss of
generality, we can consider Q = (A\z.(x)z) Az.(z)z.

Remark 3.4. Actually, we will silently suppose that EBT and sets of EBT’s
are defined modulo a-equivalence. In particular, two sets B, B’ of EBT’s are
a-equivalent whenever there is a sequence o of renaming of bound variables in
B, such that B’ = {bo | b € B}.
We now define an order relation on EBT’s.
Definition 3.5. The relation C is defined by induction on EBT’s:

e QO LCbforall EBT b;

e \zg...Zp_1.(yY)bo...bp—1 Ccif c = Axg...2p_1.(y)co ... ck—1 with b; C

c; for all j.

Example 3.6. We have Q C Az.(y)Q2 and  C Az.(y)z.

Example 3.7. The order C is partial. Let y be a variable, by € EBT: we
have (y) bo Q i (y) Qbo and (y) Qbo Z (y) by 2, however (y) 2 Q C (y) by 2,
(y) QQE (y) Qbo.

11



Our aim is now to associate with any A-term M, a non-empty set of EBT’s,
called the Bohm tree of M, denoted by BT(M). First, we define a family of
functions from A-terms to EBT’s.

Definition 3.8. For all n € N, we have BT, (M):
o BTy(M) =
o BT, 1(Azg...xp_1.(y)Moy...My_1) = Xzo ... xp—1.(y) BT, (M) ... BT, (M;_1);
e BT, 1(Azo...2p—1.(AYy.Q)R)My ... My_1) = BT, (Azg ... 2p—1.(Q{R/y}) Mo ... M;_1).
Remark 3.9. We have that for all n € N, BT,,(M) C BT, 41 (M).
We can now describe BT (M) as a map from A-terms to sets (actually C-ideals)
of EBT’s:
Definition 3.10. Let M € A. Then BT(M) is the C-downwards closure of
{BT,,(M),n € N} .

Example 3.11. There are several classic examples of B6hm trees. The trivial
one is BT ((\x.(z)x)Azx.(z)x) = {Q} = BT (\y.(\z.(z)x) z.(x)z) = BT ((\x.(z)x)A\x.(z)x) M).
Let Y be a fixed-point combinator, Y = Af.(Az.(f)(z)x) Az.(f)(z)z. Then

BT(Y) ={Q}U [J (Ar.(Hm+ay.

neN

Example 3.12. A Bohm tree has a lattice structure: any two elements have a
supremum and an infimum (see lemma (3.18)). Here is an example for the Bohm
tree of a A-term:

BT (Azo. (o) Ay.(z0)y) x0) ={Q, Azo. ((x0) )L,
Azo.((z0) Ay.(z0)2) Q,
Azo. ((zo) ) zo, Azo. ((zo) A\y.(z0)y) Q,
Azg.((z0) Ay-(20)Q) 2o, Azo. ((w0) Ay-(z0)y) To}

Bohm trees have been constructed so that they remain invariant by S-reduction.
For instance, BT ((\x.z)y) = BT (y) = {Q, y}.

12



Claim 3.13. If M =4 N, then BT (M) = BT(N).

Proof. By structural induction on M, we prove that if M — g N, then, for all
m € N, there exists n > m such that BT,,(M) =g BT, (N) and vice versa: for
all n € N, there exists m < n such that BT,,(M) = BT,(N). O

Remark 3.14. The converse of claim [3.13]is false. There are A\-terms M, N such
that BT (M) = BT(N) but M #3 N. For example, BT ((Az.(z)x)\z.(x)x) =
BT (A\y.(Az.(x)z) \x.(x)x).

3.2 Towards the characterization theorem

Every A-term has a Bohm tree, however, not every set of EBT’s comes from a
A-term. For instance, B = {Az.z} is not the Bhm tree image of any A-term, as
well as the ideal B = {Q, (z1) Q, (z1) (z2) Q, (z1) (z2) (x3) Q... }.

In this section, we give three conditions that characterize exactly the Bohm tree
image subset of EBT.

Let B be a subset of EBT’s.

The first condition for B to come from a A-term is to be a C-ideal (see definition
3.15). The set {\x.z} is not coming from a A-term, since it is not C-closed.

The second condition for B is to have a finite number of free variables (see
definition [3.21)). The ideal B = {Q, (z1) Q, (z1) (22) Q, (1) (z2) (x3) Q,...} is
for instance not coming from a A-term, and indeed F'V (B) is infinite.

The third condition for B is to be recursively enumerable (see definition (3.34)).
To give an intuition, we can construct an ideal B based on the Halting problem,
and this ideal B is not recursively enumerable. For every n € N, we want b,, € B,
where

b = Ay (1) - . - (1)) = {)\xy.(uo)(ul) oo (Up—1)(x)Q2  if program n halts on input n

Azy.(ug)(ug) ... (un—1)(y)Q?  otherwise
There is no M € A such that BT(M) = B, because BT(M) is recursively

enumerable, since it is defined by an effective procedure (see lemma|3.36)), while
B is not, deciding the Halting problem.

3.2.1 Ideal

An ideal is a set B of EBT’s, such that B verifies a number of properties for the
order C:

Definition 3.15. [Ideal] An ideal B C EBT is a set of elementary Bohm trees
such that the following conditions hold:

13



e Qe B
e if bC c € Bthen b € B;
e if b, b’ € B, there exists ¢ € B such that b,V C c.

Example 3.16. The singleton {Q} is an ideal. It is the minimum ideal with
respect to the set theoretical inclusion on the ideals of EBT’s.

Example 3.17. Let (2,)zeny be an enumeration of distinct variables. Then
{Q, (x1) Q, (z1) (x2) Q, (z1) (z2) (23) Q,...} is an ideal.

Every A-term is associated to a Bohm tree. In particular, this Bohm tree is an
ideal of EBT’s.

Lemma 3.18. For all M € A, BT(M) is an ideal of EBT’s.

Proof. Let M € A. We now check that BT(M) verifies the properties of a
C-ideal:

e Q= BTy(M) € BT(M).

e Let ¢ € BT(M), let b € EBT, b C ¢. There exists n € N such that
¢ C BT,(M), and consequently b C BT, (M). As BT(M) is the C-
downwards closure of {BT,,(M),n € N}, we have b € BT (M).

o Let b, b € BT (M). There exists ny, no € N such that b C BT, (M) and
b T BT,,(M). Then b, b T BTmax{n, np) (M) € BT(M).

O

3.2.2 A finite set of free variables

We now describe the set of free variables of an EBT:
Definition 3.19. Let b € EBT. The set FV (b) of free variables of b is:
o (if b=

k—1
. ({y} ulYJ FV(bl-)> \ {20, ..., Zn_1} ifb=Ax0 ... 2pn_1.(y)bo ... bp_1.
=0

Example 3.20. We have FV (((zo) Ay.(x0)y) zo) = {x0}-

We extend this definition to a set of EBT’s:

Definition 3.21. Let BC EBT. Then FV(B) = | J FV(a).
a€B
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Example 3.22. Let M = ((x0) A\y.(x0)y) xo. We have:

FV(BT(((z0) Ay.(z0)y) o)) = U FV(a) ={zo}

a€BT (M)

Remark 3.23. It is easy to observe that if By C Bs, then FV(By) C FV(Bs).
As an immediate consequence, FV(BT(M)) = U FV (BT, (M)).
neN

Lemma 3.24. For all M € A, we have FV(BT(M)) C FV(M). It follows that
FV(BT(M)) is finite.

Proof. We only have to show that for M € A and n € N, we have FV (BT,,(M)) C
FV(M). Let M € A.

If n = 0, we have FV (BTy(M)) = FV(Q) =0 C FV(M).

If n = m + 1, there are two cases:
-1
o M = )\Z‘O .. .J?p_l(y)MO ce Ml—l; FV(M) = ({y}UU FV(MZ))\{JZ(), ce 7],‘1,_1},

=0
-1
and FV(BT,+1(M)) = {y} U U FV (BT, (M;)))\{zo,...,2p—1} Then
i=0

by induction hypothesis,

-1
FV(BTs1(M)) € ({y} U FV(M)\{o,... .21} = FV(M)
1=0

o M =Xxg...2p—1.(Ay.Q)R)My ... My
We have M — 3 Axg...2p_1.(Q{R/y})My...M;_;. Remember that
Bohm trees are invariant by S-reduction (claim [3.13) and by definition,
FV(BT41(M)) = FV(BT,(Azo . .. 2p—1.(Q{R/y}) Mo ... M;_1)). Then
by induction hypothesis,

FV(BTps1(M)) € FV(Azo. .. 25— 1.(Q{R/y}) Mo ... My_1) C FV (M)

O

Remark 3.25. The converse is false. We have FV (BT (((Az.(x)z)\x.(z)x)z)) =
0 # FV({(Az.(z)x)\z.(x)z) x) = {z}.

3.2.3 Recursive enumerability

Now we want to characterize what is an “effective Béhm tree”. In order to do
that, we use the notion of a recursively enumerable subset of N. So we encode
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A into N by a Gédel number mapping # that is any effective bijection between
A/:a and N. One way of defining # is by using the De Bruijn notation, which
gives a system of canonical representatives for =,. We will omit such details,
so we fix once and for all a recursive Gédel numbering # : A — N.

Remark 3.26. The Godel number are applied to EBT’s with the convention
that #Q = #(A\x.(x)z) Az.(z)z.

Remark 3.27. The inverse function of a recursive injection is a partial recursive
function. In particular, # ! is an effective bijection from N to A.

We recall a standard encoding of integers in A-calculus.

Definition 3.28. [Church Numeral] Let n € N. Then, we set n = Afz.(f)"x.

We also define the Gédel numbering representing M € A, [M]:
Definition 3.29. [Godel Number| Let M € A. Then, we set [M] = #M,
where #M is the Godel number of M.

Definition 3.30. We denote the set of finite sequences of N by (N)*, where
is the empty sequence, < ¢ > is the sequence having only one element, i € N,
and o - ¢’ is the concatenation of o and o’.

Let #' be an effective injection from (N)* to N.
Definition 3.31. For every o € (N)*, [o] = #0.

Remark 3.32. There is little danger of confusion between [M] and [o], since
the first is defined on A while the second is defined on (N)*.

We now define recursive enumerability for Bchm Trees:

Definition 3.33. Let B C EBT. We define #8 = {#a | a € B} CN.

Definition 3.34. Let B C EBT. Then B is R.E. if and only if #85 is R.E.,
i.e. either B = (), or there exists a recursive function ¢ : N — N such that

#B = {¢(n) | n € N}.

Remark 3.35. The notion of a recursively enumerable subset of EBT’s does
not depend on the chosen Gddel enumeration.

We remark that all examples in the previous section of B = BT (M) satisfy the
three conditions : B is a C-ideal, F'V(B) is finite, and B is R.E.

Lemma 3.36. Let M € A. Then BT (M) is R.E.

Proof. Notice that BT(M) is defined by an effective procedure, hence we con-
clude by Church’s thesis. O
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3.3 The characterization theorem

We now want to characterize the subsets of EBT’s coming from A-terms. Until
now we have shown that if B = BT (M) for a certain M € A, then B is an ideal,
R.E., and with a finite number of free variables. We now prove the converse. For
doing so, we need some preliminary definitions and lemmas, as well as recalling
two fixed-point theorems for the A-calculus.

Definition 3.37. Let B be a set of EBT’s. For ¢ > 0, we write BB; the projection
of B on the i*" son.

B; = {6 € EBT | 3)\170...xn_l.(y)fo...f¢_1€f¢+1 o fke1 €EBAN>ONE > Z}

Lemma 3.38. Let B be a set of EBT’s. If B is R.E., then so is B; for every i.

Proof. Just remark that the procedure computing B; is effective. O

Lemma 3.39. Let B be a C-ideal and Axzg ... 2p—1.(y)bo - .. bx—1 € B. Then, if
FV(B) is finite, F'V(B;) is finite. Moreover, for every i < k, B; is a C-ideal.

Proof. We assume that B is a C-ideal, and that FV(B) is finite. We re-
mark that if B = () then there is nothing to prove. Otherwise, there exists
b= Xxg...xp-1.(y)eo...ex—1 € B. Let i € N, and k& > i. Then for all
z € FV(B;), there exists e € B; such that x € FV(e), so that FV(B;) C
FV(e)U{xzo,...,xn_1}, which is finite. Finally, we show that 5; is a C-ideal.

e It is clear that 2 € B;, because B is a C-ideal.

o Let ey € EBT, ey € B;, s.t. €1 C eq. If ea =, there is nothing to prove.
Otherwise, there exists e5 = Azg...xp—1.(¥)fo .- fic1€2fit1--- fr—1 € B,
and 6/1 = )\.1'0 PN ,Z‘n,l.(y)fo N fi,lelle AN fk,1 C 6/2. As Bis a E—ideal,
€] € B and subsequently, e; € B;.

o Let €1, ey € 87 There exists 6/1 = AIO [N In_l.(y)fo . f,;_lelfi_,_l . fk—l
B, and e, = Axg...Tn_1-(Y)g0---gi—1€2Gi+1---gr—1 € B. As Bis a C-
ideal, there exists Axg ... 2n—1.(¥)lo ... li—1liliz1 ... lk—1 3 €}, €b, and sub-
sequently, [; J ey, es. Finally, I; € B; and [; J ey, es.

O

We extend the definition of B; to any sequence of integers:

Definition 3.40. Let 0 € (N)*. Let B be a subset of EBT’s. Then:

B(J){zsz ifo=e

B(o");, fo=0c-<i>
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The following lemma is crucial for our theorem.

Lemma 3.41. [Uniformity] Let B be a C-ideal. If there exists by, by such that
by =Axg...xp-1-(y)eo...ex—1 and bo = Ayo ... Ym-1-(2)fo ... frr—1 then y = z,
k=Fk and n =m.

Proof. Let by, ba € B, such that by = Azg...zp—1.(y)eo...ex—1, and by =
AYo - Ym—1-(2)fo ... frr—1. As B is a C-ideal, there exists b € B such that
b 3 by, by. By definition of C, b = Azg...2n-1.(¥)g0...9k—1 2 b1, and
AYo -+ -Ym—1-(2)ho ... hgr—1 3 by. Subsequently n =m, y=z,and k=%. O

By lemmas and [3.41] a C-ideal describes a tree labelled by Azg ... x,—1.(y)
and branching on the arguments of y. Recalling the example [3.12] we can
represent the tree associated with BT (Azg. ((zo) Ay.(x0)y) zo) as:

)\.’Eo. o

7N

Ay.Tq o

Y

The reader can find a such a tree representation in the chapter 10 of [Bar], where
Bohm trees are presented as trees.

Let B be a C-ideal. We now explicit the subtree of a node at address o:

Definition 3.42. Let B be a C-ideal. The arity of a node o, 05(0), is defined
by: op(o) = kif IAzg...xn—1.(9)ho ... hx—1 € B(o). If B(o) = {Q}, then
og(0) is undefined.

Remark 3.43. For B C EBT the function gg must be well-defined, which means
that for o € (N)*, if Axg .. ..’Enfl.(g)ho R hkfl, )\yo e ynfl.(h)lo o €
B(c) then k = m. This is the case when B is a C-ideal (see lemma |3.41)).

We describe the label at node S of a C-ideal:
Definition 3.44. Let B be a C-ideal.

Az ... Tn-1.(y), if S=cand A\xg...zp_1.(y)bo...bx—1 €B
B{5} =< B:{5'}, if 8= (i) B and i < ogp(e)

1 elsewhere

Notice that B{S} is defined if and only if B(3) is different from @) and {Q}. We
then define the vector of free variables at a node o:
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Definition 3.45. Given a C-ideal B, and a list ¢ of the free variables of 5, if
B(o) # ) we define FV*2 (o) as follows:

f[g Ifo=c¢
FVi5(0) = Where Azo, ..., zx—1.(y)bo ... bi_1 € B
FVéf'<$°’“"$"’l>(U’) and o =o' <i>

Notice that we are using Lemma [3.39] and [3.41] inferring that B; is an ideal
whenever B is, and that the prefix Az ...2z,_1.(y) is the same for all elements
of B different from ).

Lemma 3.46. Given B, B’ C-ideals, if V3 € (N)*, B{8} = B'{3}, then B = 5.

Proof. We show that for all § € (N)*, for B, B’ C-ideals such that B{8} = B'{5},
we have that B C B’ (the other inclusion being symmetrical). The proof is by in-
duction on the length of 3. Let b € B, we have to show that b€ B'. If b=Q, b €
B'. Otherwise, b = A\xg...2n—1.(y)bo . ..bk—1. Therefore, as V3, B{S} = B'{5},
then B’ # {Q}. In particular, B'{e} = B{e} = Azg...2,_1.(y) consequently
there exists b’ = Azg ... Tp—1.(y)bG...b},_, € B'. Furthermore, k = k'. If we
suppose for instance k < k', then we are in contradiction with the hypothesis,
since B'{< k' >} is defined but not B{< k¥’ >} while B'{< k' >} = B{< k' >}.

Let i € {0,...,k =1} and ¢ = Azg ... 2p_1.(y)bG ... bj_1bsb 1 ... b} _1; we now
prove that c € B'.

By induction, if 3 =< i > -f’, then B{f'} = B{<i> -8’} = B{<i> '} =
B':{B'}, and b; € B';. Therefore, there exists

d=M\zg... xn,l.(y)do Ce diflbidiJrl co.dp_1 € B’

Let m € B’ such that ¥, d T m, m = Azg ... Tpn_1-(y)mo...m;...mg_1 . Then
b6 C mo, .. '7blifl C mi_l,bi [ mi,b;+1 C Mit1,y.. '7b;cfl C mr—1, and conse-
quently ¢ = Azg ... 2p_1.(y)by ... bj_1bibj ... b,_, € B.

By applying this procedure for every i € {0,...,k — 1}, we thus obtain that
b=MArg...Tpn-1.(y)bo...bx—1 € B', which concludes the proof. O

For the proof of the characterization theorem, we need two fixed point theorems,
from [Bar]. Recall that A® denotes the set of closed A-terms.

Theorem 3.47. There exists £ € A° such that for all M € A°, E[M]| — M.
Furthermore, if M is unsolvable, then E [M] is unsolvable.

Theorem 3.48. For all G € A°, there exists M € A° such that M — G [M].

Thus we obtain our characterization theorem:
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Theorem 3.49. For all B C EBT, there exists M € A such that BT (M) =B
if and only if B is a C-ideal, FV(B) is finite, and B is R.E.

The left-to-right implication is a trivial consequence of the lemmas [3.18),
and We now show the right-to-left implication.

By theorem |3.47, we have E € A° so that for all M € A°, E[M] — M, and we
will use this E.

Let B be a C-ideal, such that FV(B) is finite, and B is R.E.
If o € (N)* and B(o) # 0, or {Q}, then B(c) and op(c) are defined: let
B{o} = Axg...xn_1.(y), we set:
Co =AMAFVE5 (0)A\xg - . . Tp—1.(y)
(Em[o- <0>]FViE(o-<0>)...(Em[o < (o) —1>]
FVg5(o- < op(0) —1>)

We remark that C, € A°. Furthermore, as B is R.E., by remark [3.27] there is
an effective procedure that computes C,.

#C,, if B(o)# 0 and # {Q}

Let ¥ be a partial recursive function ¥ (o) = {T Isewl,
elsewhere

[W(o)] = [C,] i B(o) # 0 and # {0}

The function F' A-defines U: F [o] =
T elsewhere

We now construct the A-term N such that BT (N) = B. Let F' = AmAs.((E)(F)s)m.
By theorem [3.48] there exists M € A% such that M — F' [M]| — A\s.((E)(F)s) [M].

If ¥(o) |, ie. if B(o) # 0 and # {Q} :

M [o] FV§8 (o) = E(F [a]) [M] FV8 () by definition of F
— E([Cy]) [M] FVg" (o)
— C, [M] FV$8(0) by definition of F

> ALy o1 (y)(E[M] [o- < 0>] FViE(0- < 0>)...
(E[M][o- < o5(0) = 1>] FV§*(o- < o5(0) — 1 >)
(

> AL 1. (y) (M [0- <0 >] FVE(0- <0>)... by definition of F

If B(o) 1 (i.e. B(o) =0 or ={Q}), then M [o] FV£? (o) is unsolvable.
The following claim results from the definition of the label at node 5:
Claim 3.50. For all 0,3 € (N)*, we have BT(M [0 FV5(0)){8} = B(c){B}.
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Proof. We show this claim by induction on 5. If § = € we already have the
equality, BT(M [o] FV2 (o)) {e} = Axg... 20 1.(y) = Blo){e}. T g =<i >
'Bla
BT (M [o] FVE(o)){<i> 8} = BT(M [o- < i >] FVgt(o- <i>)){'}
=B(o-<i>){p'} =Blo){<i>p'}

O

The result follows: for all 8 € (N)*, B{8} = B(e){3} = BT(M [] FV4#(¢)){5}.
Therefore, by lemma [3.46, we have B = BT(M [¢] FV4?(¢)), concluding the
proof of the theorem.

4 Coherent spaces resulting from resource terms

4.1 Taylor Expansion
4.1.1 Introduction to resource \-calculus

First, we introduce the resource A-calculus (A() for short), which is a resource
sensitive variant of the A-calculus.

Definition 4.1. We define the set A of simple terms, and the set A' of simple
poly-terms by mutual recursion:

o A =g, tu=x|Ax.s]|s[ty,...,t,] where x is a variable
o A' =S Tu=1][s]|TS=[ts,-- - tx][51,--->81] = [t1,-- -, th,51,---,5]

In fact, A' is the set of finite multisets of simple terms, in which we use the multi-
plication operator, representing disjoint union, 1 represents the empty multiset.
Finally, A = AU A"

Example 4.2. An example of simple term is \z.z[y,y,2] = A\z.z[y?, 2], and
[s,8,t,8] = [s3,1] is a simple poly-term.

Remark 4.3. We extend in a trivial way the notions of free and bound variables
coming from the A-calculus.

4.1.2 Linear combinations and reduction

We now work on the free module {0,1}[A] over the commutative semi-ring
({0,1}, max, min, 0, 1), generated by A. In [EhrReg2|, the calculus is studied
for any commutative semi-ring; here we restrict our study to the case of the
semi-ring {0, 1}, so the free module generated by A is simply the powerset of A
with the union as addition, and 0 as the empty set ().
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We define a reduction in the resource calculus, similar to the reduction of A-
terms.

Definition 4.4. A redex is a simple term of the shape r = (Az.s) [s1,. .., Sk
Definition 4.5. [Resource Reduction] The single-step reduction in the resource

calculus, denoted by —,C A(") x {0, 1}[A], is the smallest relation that satisfies
the following rules:

t — « t — «
Azt — Av.a={Ar.s|s € a} tT —,. oT ={sT | s € a}

t—, « T —, 11
[t] — {[s];s € a} (ST —, ST ={ST" | T' € I}

Finally, if r = Az.s [s1,..., sg] and k is distinct from the number of free occur-
rences of  in s, then 7 —,. 0, r reduces to the empty set. Otherwise, r reduces
to {s < s1/xpay, ..., sk/Tp) >| f € on}y € {0,1}[A] where x4,..., 2 are the
free occurrences of x in s, and where o, stands for the group of all permutations
on the set {1,...,k}.

We also want —,. to satisfy the following rules:

t— « T — . 11
{ttuB —, aup {Ttup —,1IUp

The reflexive transitive closure is denoted by the same convention as in A-
calculus: —,C {0,1}[AM]x {0,1}[A")]. Constructions of this syntax are linear.
Example 4.6. We give a few examples in order to understand the —,.- re-
duction:

The simple resource term (Az.z[z])1 reduces to the emptyset ().

Az.z[z))[y] — 0.

Az.z[z])[y®] —» 0.

(Az.z[z])[y, 2] —+ {ylz], 2[y]}-

(Az.zlz))ly,y] — {yly]}-

Notice that we are not counting the number of times we have y[y], as we are in
{0, 1}[A].

Example 4.7. We have that (\v.x[z])[\z.z[z]] —, 0, and (\z.z[2?])[(A\z.2[2])3] —
{(A\z.z[z]) [A\z.z[z], \x.z[2]]} Which reduces to (.

Example 4.8. Let r = (Afz.f[f[z], flz]])[Agy-glg[y]], A\z.z, Az.z]. Then r re-
duces to {Az.(Agy.glg[y]]) [(Az.2)[z], (A\z.2)[z]]}. Finally, r reduces to {\z.\y.x[z[y]]}.

We denote by A,, (resp. A°) the set of all normal simple terms (resp. of all
closed simple terms).

Theorem 4.9. [EhrReg2] The resource reduction relation is confluent, and
strongly normalizing.
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To prove that the reduction relation is strongly normalizing, remark that if
t —>, s;, then the number of symbols of its s; is strictly less than the number
of symbols in ¢. Then, confluence follows by Newman’s lemma.

For every p € {0,1}[A")] we define NF(p):

Definition 4.10. Let p € {0,1}[A")]. The function NF : {0,1}[AY] —
{0, 1}[Ag)] associates p to its normal form.

Definition 4.11. Let r be a simple term. Then r is an elementary resource
term (ERT) if 7 is in normal form.

4.1.3 Taylor Expansion

We now describe the Taylor expansion of a A-term, where the term is expressed
as a possibly infinite set of simple terms.

Definition 4.12. Let M € A. The Taylor expansion of M, 7(M). 7: A —
P(A) is:

o If M =z, then 7(M) = {z};

o If M = Az.N, then 7(M) ={ z.s| s 7(N)};

o If M = (P)Q, then 7(M) = {pQ = pla1, ..., @] | p € 7(P); k € N;

qi,---,qk € T(Q)}

Example 4.13. The Taylor expansion of Ax.(x)y is {\z.z[y"] | n € N}.
Example 4.14. The Taylor expansion of 2 = A\fz.(f)(f)x is

{Mfx. f[f[z"],..., flz™]] | k € N;ng,...,n; € N}

We extend 7 from P(EBT) to P(A): 7(B) = U 7(b), and, as a convention,

beB
7(Q) = 0. We finally recall the main theorem from [EhrReg2], which makes a

link between Béhm trees and Taylor expansion:

Theorem 4.15. [Ehrhard Régnier] Let M € A, then 7(BT'(M)) = NF(7(M)).

In order to illustrate this crucial theorem, we give examples:

Example 4.16. Consider the A\-term M = (Az.(z)z)Az.(x)z. Then 7(BT(M)) =

7(Q) = 0. Wehave 7(M) = {\z.z[z"][Az.x[z™], ..., Az.z[z"]] | n,k,ny,...,n, €

N}. It can be proved by induction on n, k, ni, ..., ng, that 7(M) reduces to 0.

Therefore, NF(7(M)) = NF(0) = 0.

Example 4.17. On the one hand, we have

T(BT(AMfz. (f)(f)(A\y-y)z)) = 7(BT(2)) = 7({Q Afz. (f)Q,Afz. (f)(f)z})
={Afz.f[fl=z™],..., flz"™*]] | k € N;ny,...,np € N}
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On the other hand, we have NF(r(Afz. (f)(f)(A\y.y)z))

= NE({(Mfz f[f[((g-y)2)™ ], - f(Ogy)2)™ ) [ k€ Nyna, ... g € N})
= {Afz.f[flz™],..., flz™]] | k € N;ni,...,np € N}

= 7(BT(\fz. (£)(f)(Ay-y)z))

4.2 Towards the characterization theorem for resource cal-
culus

Recall that we can see \-terms as computer programs, where the Bohm tree of a
term /program describes the interaction between the program and the external
environment, and where Taylor expansion is a quantitative refinement of B6hm
trees. To every A-term M, we can associate its Taylor expansion 7(M), and we
would like to characterize the sets of simple terms that come from the Taylor
expansion of a A-term.

We easily adapt the definition of free variables to resource calculus, as well as
the notion of recursive enumerability.

We now define the binary coherence relation (see [EhrRegl] section 3):

Definition 4.18. The coherence relation on resource terms, denoted by <, is
defined by induction on simple terms:

ezt ift =ux,

e \z.sct' ift! = \x.s’, with sc &,

e sTct'ift! =T withsc s’ and T < T,

® [s1,...,80) S [Snt1s...,8m] if foralli,j e {1,...,m}, s; = sj.

When two terms are not coherent, we say that they are incoherent. Incoherence
is denoted by the symbol =.

Remark 4.19. Coherence is not an equivalence relation. It is not transitive,
since if y # z then z[y] < z1 and z1 < z[z], but z[y] < z[z]. It is not reflexive,
since if x =< y then [z,y] < [z, y].

Definition 4.20. A term o € AU is uniform if o < 0.

Definition 4.21. We call clique a subset of resource terms U such that, for
every 7,7 €U, T 7.

Theorem 4.22. For every M € A, 7(M) is a maximal clique in (A, <).

Proof. We prove the theorem by induction on M:

o If M =z, then 7(M) is a clique. It is maximal, as any element different
from x cannot be coherent with x.
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o If M = Ax.N, then 7(M) = {Az.s | s € 7(N)}. As 7(N) is a clique,
by induction hypothesis, 7(M) is a clique. Let U be a maximal clique
that includes 7(M). Then, for any » € U, r = Az.s, where s < s for
any s’ € 7(N). As 7(N) is a maximal clique, by induction hypothesis,
s' € 7(N), therefore r € 7(M).

o If M = (P)Q, then 7(M) = {plg1,-..,qx] | p € 7(P);k € N;qu,...,qr €
7(@Q)}. By induction hypothesis on 7(P) and 7(Q), we deduce that 7(M)
is a maximal clique.

O

We obtain three necessary conditions for a subset U of A to be the Taylor
expansion of a A-term:

e U has a finite number of free variables,
e U is a clique,
e U is recursively enumerable.

For instance, the set {z,y} is not a clique, and does not come from a A-term.
The set {11, 21[x21],. ..} is a clique, recursively enumerable, but has an infinite
number of free variables, and does not come from a A-term. Finally, we define
the sequence:

T = Azy.uol. .. [upl]...] = Aryuolua].. [un—1[z1]...]  if program n halts on input n
n = Axy.ugl. .. [u,1]...] = Azy.uglug ... [un_1[yl]...] otherwise

The set {r, | n € N} has a finite number of free variables, is a clique, but
not recursively enumerable, and does not come from a A-term, as the Taylor
expansion is an effective procedure.

We have shown by examples that these three conditions are necessary for a
subset U of A to be the imageset of the normal form of a Taylor expansion of
a A-term. The next step is to show that these conditions are sufficient.

Conclusions

This work suggests a number of interesting directions to explore in further de-
velopments. The role of the scalar coefficients in formal series of resource terms
deserves a deep investigation, to uncover a possible connection between the
scalar value and the time and space complexity. Another direction is to study
formal series of resource terms not coming from a A-term, where there is a su-
perposition of inconsistent information. Take the example of a program that
tests twice a boolean variable b, and returns true if the two values are the same
and false if the two values are different. In a pure functional programming lan-
guage, the value of a variable cannot be changed once set, so this example would
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always return true. In a nondeterministic setting, the value of b might change
between the two tests, making necessary to model inconsistent information.
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